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Abstract

Here we show and deduce the T-matrix and multiple scattering for
acoustics. Before reading this document, it may be helpful to read
the general multiple scattering formulation shown in multiplescatter-
ing.pdf.
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1 2D acoustics

Much of the notation is define in multiplescattering.pdf. For the 2D acoustics
some good references are [2, 1].

For 2D acoustics we have that

un(kr) = Jn(kr)einθ, (1)

vn(kr) = Hn(kr)einθ. (2)

When truncating up to some order N we would sum over n = −N,−N +
1, . . . , N − 1, N .

1.1 Circular cylinder

Let ρ and c be the background density and wavespeed, and let ρj, cj and
radius aj be the mass density, wavespeed, and radius for a circular scatterer
with density.

Let u = uinc + usc be the total field outside the particle, and vin the total
field inside the particle, then from the acoustic boundary conditions:

u = vin,
1

ρ

∂u

∂r
=

1

ρj

∂vin

∂r
, for r = aj,
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we can deduce the T-matrix

Tnm = −δnm
γjJ

′
m(kaj)Jm(kjaj)− Jm(kaj)J

′
m(kjaj)

γjH ′m(kaj)Jm(kjaj)−Hm(kaj)J ′m(kjaj)
, (3)

where γj = (ρjcj)/(ρc) and kj = ω/cj.
We can also calculate the coefficients bn from

bn =
fn

TnnJn(kjaj)
[TnnHn(kaj) + Jn(kaj)] (4)

1.2 Circular cylindrical capsule

ψ0 =
∞∑

n=−∞

g0
nJn(k0r)e

inθ, (5)

ψ1 =
∞∑

n=−∞

[
g1
nJn(k1r) + f 1

nHn(k1r)
]

einθ. (6)

Applying the boundary conditions,

ψ0 = ψ1 and
1

ρ0

∂ψ0

∂r
=

1

ρ1

∂ψ1

∂r
, on r = a0, (7)

ψ1 = ψs + ψinc and
1

ρ1

∂ψ1

∂r
=

1

ρ

∂(ψs + ψinc)

∂r
, on r = a1. (8)

Solving these boundary conditions (see capsule-boundary-conditions.nb) leads
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to

Tnn = − Jn(ka1)

Hn(ka1)
−Y

n
′ (ka1, ka1)

Hn(ka1)
[Y n(k1a1, k1a0)J ′n(k0a0)− q0Jn(k0a0)Y n

′ (k1a1, k1a0)]

×
[
J ′n(k0a0)(qHn(ka1)Y n

′ (k1a0, k1a1) +H ′n(ka1)Y n(k1a1, k1a0))

+ q0Jn(k0a0)(qHn(ka1)Y n
′′ (k1a1, k1a0)−H ′n(ka1)Y n

′ (k1a1, k1a0))
]−1

. (9)

where q = ρc/(ρ1c1), q0 = ρ0c0/(ρ1c1), and

Y n(x, y) = Hn(x)Jn(y)−Hn(y)Jn(x), (10)

Y n
′ (x, y) = Hn(x)J ′n(y)−H ′n(y)Jn(x), (11)

Y n
′′ (x, y) = H ′n(x)J ′n(y)−H ′n(y)J ′n(x). (12)

1.3 Multiple scattering in 2D

Graf’s addition theorem in two spatial dimensions:

Hn(kR`)e
inΘ` =

∞∑
m=−∞

Hn−m(kR`j)e
i(n−m)Θ`jJm(kRj)e

imΘj , for Rj < R`j,

(13)

where (R`j,Θ`j) are the polar coordinates of rj − r`. The above is also valid
if we swap Hn for Jn, and swap Hn−m for Jn−m.

Particle-j scatters a field

uj =
∑
n

f jnun(kr − krj), for |r − rj| > aj, (14)

where rj is the centre of particle j.
Let the incident wave, with coordinate system centred at rj, be

uinc =
∑
n

gjnvn(kr − krj), (15)

then the wave exciting particle-j is

uEj =
∑
n

F n
j vn(kr − krj) (16)

where

F j
n = gjn +

∑
6̀=j

∞∑
p=−∞

f `pHp−m(kR`j)e
i(p−m)Θ`j . (17)
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Using the T-matrix of particle-j we reach f jn =
∑

m T
j
nmF

j
m, which leads to

f jq =
∑
m

T jqmg
j
m +

∑
6̀=j

∞∑
m,p=−∞

f `pT
j
qmHp−m(kR`j)e

i(p−m)Θ`j . (18)

The above simplifies if we substitute f jq = T jqdα
j
d, and then multiple across

by {T jqn}−1 and sum over q to arrive at

αjn = gjn +
∑
6̀=j

∞∑
m,p=−∞

Hp−n(kR`j)e
i(p−n)Θ`jT `pmα

`
m. (19)

As a check, if we use (21), then we arrive at equation (2.11) in [3].
In the general formulation below we would have

Un′n(kR`j) = Hn′−n(kR`j)e
i(n′−n)Θ`j .

Note that swapping ` for j would result in Θ`j = Θj` + π.

2 3D acoustics

For all the details on acoustics in three spatial dimensions see [4]. Here we
all only provide: {

un(kr) = h
(1)
` (kr)Yn(r̂),

vn(kr) = j`(kr)Yn(r̂),
(20)

where r = |r|, n = {`,m}, with summation being over ` = 0, 1, 2, 3 . . .
and m = −`,−`+ 1, . . . ,−1, 0, 1, . . . , `, and the spherical Hankel and Bessel
functions are denoted h

(1)
` (z) and j`(z), respectively.

3 A sphere

Let ρ and c be the background density and wavespeed, then for a spherical
particle with density ρj, soundspeed cj and radius aj, we have that

Tnq = −δnq
γjj
′
q(kaj)jq(kjaj)− jq(kaj)j′q(kjaj)

γjh′q(kaj)jq(kjaj)− hq(kaj)j′q(kjaj)
, (21)

where γj = (ρjcj)/(ρc) and kj = ω/cj.
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