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Abstract

Here we show and deduce the T-matrix and multiple scattering for
acoustics. Before reading this document, it may be helpful to read
the general multiple scattering formulation shown in [multiplescatter-|
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1 2D acoustics

Much of the notation is define in multiplescattering.pdf. For the 2D acoustics
some good references are [2, [1].
For 2D acoustics we have that

u, (kr) = J,(kr)e™, (1)
v (kr) = H, (kr)e™. (2)
When truncating up to some order N we would sum over n = —N, —N +

1,...,N—1,N.

1.1 Circular cylinder

Let p and ¢ be the background density and wavespeed, and let p;, ¢; and
radius a; be the mass density, wavespeed, and radius for a circular scatterer
with density.

Let u = uj,e + use be the total field outside the particle, and v, the total
field inside the particle, then from the acoustic boundary conditions:

1ou 1 Ouy
pOr  p; Or’

U = Vi, for r = aj,
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we can deduce the T-matrix

.- g Vi dm(kas) Jm(kja;) — Jm(kay)Jy, (ksa;) ’
ViH, (kaj) Jm(kja;) — Hp(kag)J), (kja;)

where v; = (pjc;j)/(pc) and k; = w/c;.
We can also calculate the coefficients b,, from

J

by =
Tnan(kjaj)

[TonHy(kaj) + Ju(kay)] (4)

1.2 Circular cylindrical capsule

¢0 = f: ggjn(k0r>ein67 (5)
Y=Y [ghdullr) + frH, (k)] e, (6)

Applying the boundary conditions,

0 100 10y -
Y’ =1 and P o = o e on r = ag, (7)
1 S inc
wl — ws 4 winc and i@@b — 18(1/} + ¢ )7 on r=a. (8)
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Solving these boundary conditions (see capsule-boundary-conditions.nb) leads


capsule-boundary-conditions.nb

to

Jn(kar) Y (kai, kay)
(/{;al) Hn(k’(ll)
[ (krgao)(an(kal)Y”(klao, klal) + Hr’l(kal)Y”(k:lal, klao))

+ qoJn(koao) (qH (ka1 Yo (kray, krag) — Hy (kay)Y:" (kras, ]ﬁao))} -

Tnn =

[Y"(k1a1, krao) T, (koao) — qoJn(koao)Y:" (k1ay, krao)]

(9)

where ¢ = pc/(pic1), go = poco/(p1c1), and

Y™'(z,y) = Ho(2)Ju(y) — Ha(y) Jn(z), (10)
Y, y) = Ha(e) () — F(9)Tul), (i)
Y @,y) = Hy(2)J,(y) — Hy,(y) I, (7). (12)

1.3 Multiple scattering in 2D

Graf’s addition theorem in two spatial dimensions:

H, (kR — Z oo (kR ) ™90 1, (kR;)e™1, for R, < Ry,

(13)

where (Ryj, ©y;) are the polar coordinates of r; —r,. The above is also valid
if we swap H,, for J,, and swap H,,_,, for J,_,.
Particle-j scatters a field

u; = ngun(k;r —kr;), for |r—r;| > aj, (14)

where 7; is the centre of particle j.
Let the incident wave, with coordinate system centred at 7;, be

Uine = Zgﬂvn(kr - krj)v (15)

then the wave exciting particle-j is

= Fv,(kr — kr)) (16)
where -
Fl=gl+> > fiH, (kRg)e® ™%, (17)
{#] p=—00



Using the T-matrix of particle-j we reach f7 =" T, which leads to

m nm m7

Z A Z FUTS Hy (KR )™ (18)

{#£j m,p=—00

The above simplifies if we substitute fJ T’ d&d, and then multiple across
by {T7,}~" and sum over ¢ to arrive at

oﬂ = gn + Z Z _n(kRyj) ‘(p_”)eejTIfmaf;l. (19)

{#j m,p=—o00

As a check, if we use (21)), then we arrive at equation (2.11) in [3].
In the general formulation below we would have

Ui (kRyj) = Hy_p(kRy;)el™ 9%

Note that swapping ¢ for j would result in ©y; = ©;, + 7.

2 3D acoustics

For all the details on acoustics in three spatial dimensions see [4]. Here we
all only provide:

u,(kr) = h (kr)Y (1), (20)
Valkr) = Jo(kr) Yo #),

where r = |r|, n = {{,m}, with summation being over ¢ = 0,1,2,3...

andm=—0—¢(+1,...,—1,0,1,...,¢, and the spherical Hankel and Bessel

functions are denoted hél)(z) and j,(2), respectively.

3 A sphere

Let p and ¢ be the background density and wavespeed, then for a spherical
particle with density p;, soundspeed ¢; and radius a;, we have that

Vidq(kas)ig(kja;) — jo(ka;)jq(kja;)

Thg = —0ng : ,
! thz(k a;)jq(kja;) — hq(kaj)Jz/z(kjaj>

(21)

where v; = (pjcj)/(pc) and k; = w/c;.
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